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Let (Mn, g) be a complete Riemannian manifold. Let p # M and Br ( p) be a
geodesic ball of radius r with center at p. Assuming that r is smaller than the
injectivity radius at p and an upper bound in the radial curvature we show a
comparison principle for the first non-zero Steklov eigenvalue of Br ( p). We give
an example that shows that the hypothesis in the injectivity radius is necessary.
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Let (Mn, g) be a compact Riemannian manifold with boundary. The
Steklov problem is the following: find a solution of the equation
2.=0 in M,
(1).
’
=&. on M,
where & is a real number.
This problem was introduced by Steklov in [S], in 1902, for bounded
domains in the plane. His motivation came from physics. The function .
represents the steady state temperature on M such that the flux on the
boundary is proportional to the temperature. Problem (1) is also important
in conductivity and harmonic analysis as it was initially studied by
Caldero n in [C]. This connection arises because the set of eigenvalues for
the Steklov problem is the same as the set of eigenvalues of the well-known
DirichletNeumann map. This map associates to each function u defined
on the boundary M, the normal derivative of the harmonic function on M
with boundary data u. The Steklov problem is also important in conformal
geometry, in the problem of conformal deformation of a Riemannian
metric on manifolds with boundary, as we explain in our paper [E1]. The
doi:10.1006jfan.2000.3662, available online at http:www.idealibrary.com on
143
0022-123600 35.00
Copyright  2000 by Academic Press
All rights of reproduction in any form reserved.
1 This research was supported in part by an NSF grant.
relevance of the Steklov problem extends to partial differential equations:
the first non-zero eigenvalue for the Steklov problem &1 has a variational
characterization,
&1= min
M f=0
M |{f |
2
M f
2 .
From this characterization follows the Sobolev trace inequality: for all
functions f # H 1 (M), the space of functions in L2 (M) with first derivatives
in L2 (M), it holds that
|
M
| f &f0 |2
1
&1 |M |{f |
2,
where f0 is the mean value of the function f when restricted to the bound-
ary. The last inequality is fundamental in the study of existence and
regularity of solutions of some boundary value problems.
For the above reasons it is important to know the dependence of &1 on
the geometry of M.
In [Ch], Cheng established a comparison principle for the first eigen-
value for the Dirichlet problem. It says that the first eigenvalue of a
geodesic ball of radius r and center p, Br ( p), in an n-dimensional Rieman-
nian manifold with Ricci curvature Ric(g)k(n&1) g, is smaller or equal
to the first eigenvalue of a geodesic ball of radius r in the simply connected
space of constant sectional curvature k with equality if and only the two
balls in question are isometric. We remark that Cheng’s theorem holds for
any r. In particular, r could be bigger than the injectivity radius at the
point p, i( p).
In this paper we study to what extent we have a comparison theorem
for the first non-zero Steklov eigenvalue under some assumption on the
curvature. We are able to show the following theorem:
Theorem 1. Let (Mn, g) be a complete Riemannian manifold. Let p # M
and Br ( p) be a geodesic ball of radius r<i( p) with center at p. Assume that
the radial curvatures satisfy that K( s , X)K0 , where X is a unit vector per-
pendicular to the radial vector s . Let Br /M
n
0 be any geodesic ball of radius
r where M n0 represents the simply connected space form of constant sectional
curvature K0 . For n=2, 3,
&1 (Br ( p))&1 (Br).
Equality holds only when Br ( p) is isometric to Br .
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We provide an example that shows that the hypothesis on the injectivity
radius is necessary. In fact we give an example of a geodesic ball Br ( p) with
r>i( p) in a flat two dimensional torus such that the first non-zero Steklov
eigenvalue is strictly bigger than 1r, which is the first non-zero Steklov
eigenvalue for the Euclidean ball of radius r. In this example the boundary
of the ball Br ( p) has four connected components. This number is bigger
that the dimension of the eigenspace associated to the first non-zero eigen-
value 1r in the Euclidean ball.
This is another fundamental difference between the Dirichlet problem
and the Steklov problem, as we already noticed in our paper [E2] when
we gave examples of (annular) domains with the same volume of a
geodesic ball in a simply connected space for which the monotonicity prin-
ciple does not hold.
In the higher dimensional case we prove a comparison principle that
says:
Theorem 2. Let (Mn, g) be a complete Riemannian manifold. Let p # M
and Br ( p) be a geodesic ball of radius r with center at p, with r<i( p),
endowed with the metric
ds2+ f 2 (s, |) d|2.
Assume that the radial curvatures satisfy that K( s , X)K0 , where X a unit
vector perpendicular to s .
Let Br /M n0 be any geodesic ball of radius r where M
n
0 represents the
simply connected space form of constant sectional curvature K0 endowed with
the metric
ds2+ f 20 (s) d|
2.
Suppose that the first nonzero eigenvalues for the Laplacian on the bounda-
ries satisfy the inequality
*1 (Br ( p))*1 (Br); (2)
then
&1 (Br ( p))&1 (Br). (3)
Equality holds only when Br ( p) is isometric to Br .
Observe that in Theorem 1 and Theorem 2 the right hand side of
inequality (3) is defined only for r<?- K0 when K0>0.
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Estimates for the injectivity radius have been obtained by many authors.
We refer the reader to the paper by Abresch and Meyer [AM] for refe-
rences for these estimates.
In the following lemma we study the first eigenfunction of a geodesic ball
which has a rotationally invariant metric.
Lemma 3. Let Br be a ball in Rn endowed with a rotationally invariant
metric
ds2+ f 2 (s) d|2,
where d|2 represents the standard metric on Sn&1, the (n&1)-dimensional
unit sphere. The first nonconstant eigenfunction for the Steklov problem on
Br has the form
.(s, |)=(s) e(|),
where e(|) satisfies the equation 2e+(n&1) e=0 on Sn&1 and the function
 satisfies the differential equation
1
f n&1 (s)
d
ds \f n&1 (s)
d
ds
(s)+&(n&1) (s)f 2 (s) =0 in (0, r),
$(r)=&1 (Br) (r), (0)=0.
Proof. We use separation of variables and observe that the space
L2 (Br) is equal to the space L2 (0, r)L2 (Sn&1). Let [ei], i=0, 1, 2..., be
a complete orthogonal set of eigenfunctions for the Laplacian on Sn&1 with
associated eigenvalues *i such that 0=*0<*1*2 } } } . For i1, let i
be the function satisfying
1
f n&1 (s)
d
ds \f n&1 (s)
d
ds
i (s)+&*i i (s)f 2 (s) =0 in (0, r),
$i (r)=;i i (r), i (0)=0.
Let u0=1 and ui=i (s) ei (|) for i=1, 2, ... . The set [u i] for i=0, 1, 2, ...
forms an orthogonal basis for L2 (Br).
Recall that the first non-zero Steklov eigenvalue has the following varia-
tional characterization,
&1= min
Br f=0
Br |{f |
2
Br f
2 .
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Since for i1
;i =
|
Br
|{ui | 2 f n&1 ds d|
|
Br
u2i f
n&1 d|
=
|
r
0 \
d
ds
i (s)+
2
f n&1 ds+* i |
r
0
(i)2 f n&3 ds
2i (r) f
n&1 (r)
and *i*1=n&1, we get that ; i;1 . Because the competing functions in
the variational characterization of &1 are orthogonal to the constant
functions on BR , we easily find that &1=;1 .
In the two dimensional case we can calculate the first eigenvalue. It is
given in the following proposition.
Proposition 4. Let Br be a two-dimensional ball in R2 endowed with a
rotationally invariant metric
ds2+ f 2 (s) d%2.
Then the first non-zero Steklov eigenvalue is f &1 (r).
Proof. By the previous lemma we need to find the solution to the
equation
1
f (s)
d
ds \f (s)
d
ds
(s)+& (s)f 2 (s)=0 in (0, r),
(r)=&1(r), (0)=0.
Using the change of coordinates t=t(s)=s duf (u) we take the above differen-
tial equation to the cylinder. In fact, if we let b(t)=(s) then b(t) satisfies
the ordinary differential equation d 2b(t)dt2&b(t)=0, that has the general
solution c1 et+c2e&t where ci is a constant, i=1, 2. Observe that the func-
tion f satisfies the conditions f (0)=0 and f $(0)=1. Therefore the solution
we are looking for has the form c1et(s) because e&t(s) is singular at the
origin. From this expression our result follows easily.
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We remark that in the case of a geodesic ball in the unit sphere, in the
plane or in the hyperbolic space with curvature &1, a straightforward
calculation shows that there are two eigenfunctions associated to the first
eigenvalue and they are given by (s) cos(%) and (s) sin(%), where
(s)=
1&cos(s)
sin(s)
in the sphere,
(s)=s
in the Euclidean plane, and
(s)=exp(&2 tanh1 (exp(s)))
in the hyperbolic space.
Proof of Theorem 2. Let (s) e(|) be the first eigenfunction for the
Steklov eigenvalue on Br given by Lemma 3. Observe that for 0<tr,
$(t)=
n&1
f n&10 (t) |
t
0
(s) f n&30 (s) ds.
From this expression we can see that if  is (negative) positive in a
neighborhood of zero then  is (negative) positive in (0, r). Thus the func-
tion  in Lemma 3 does not change sign. Without lost of generality we
assume that 0. Hence $>0.
Consider the test function .(s, |)=b(s) e1 (|) defined on Br ( p), where
e1 (|) is an eigenfunction associated to the first non-zero eigenvalue for the
Laplacian on Br ( p). Then
|
Br ( p)
|{e1|2 d_=*1 (Br ( p)) |
Br ( p)
e21 d_ (4)
and
|
Br ( p)
e1 (|) d_=0, (5)
where d_ represents the Riemannian measure on Br ( p) induced by the
metric g. Let dv represents the Riemannian measure on (M, g). Then
|
Br ( p)
&{.&2 dv=|
Br ( p)
(b$(s))2 e21 (|) f
n&1 (s, |) ds d|
+|
Br ( p)
b2 (s) &{e1&2S n&1 f n&3 (s, |) ds d|.
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The above calculation suggests the definition
b$(s)=$(s) _f
n&1
0 (s)
h(s) &
12
for a suitable function h(s). In order to define the function h we consider
the functions
c(s)=|
Sn&1
e21 (|) f
n&1 (s, |) d|,
and
d(s)=|
S n&1
&{e1&2Sn&1 (|) f
n&3 (s, |) d|,
and define
h(s)=max[c(s), d (s)], where d (s)=
f 20 (s)
(n&1)
d(s).
The function h(s) is a Lipschitz function and hence differentiable almost
everywhere.
In order to estimate the function b(s) we proceed as
b(s)&b(0)=|
s
0
b$(t) dt=|
s
0
$(t) _f
n&1
0 (t)
h(t) &
12
dt.
Integration by parts yields
b(s)=&|
s
0
(t) \_f
n&1
0 (t)
h(t) &
12
+$ dt+(s) _f
n&1
0 (s)
h(s) &
12
+b(0).
Set
b(0)=|
r
0
(t) \_f
n&1
0 (t)
h(t) &
12
+$ dt.
Then
b(s)=(s) _f
n&1
0 (s)
h(s) &
12
+|
r
s
(t) \_f
n&1
0 (t)
h(t) &
12
+$ dt
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and
b(r)=(r) _f
n&1
0 (r)
h(r) &
12
. (6)
We claim that
_f
n&1
0 (t)
h(t) &
$
0.
This is because if h(s)=c(s) in a neighborhood of some point
c(n&1) f n&20 f $0& f
n&1
0 (t) c$
=(n&1) f n&20 |
Sn&1
e2f n&2 ( f $0 f &f $f0)0.
The last inequality follows from the Hessian Comparison Theorem (see
Theorem 1.1 in [SY]) that says that if KK0 then
f $(s, |)
f (s, |)

f $0 (s)
f0 (s)
.
If h(s)=d (s) in a neighborhood of some point then our claim is equivalent
to say that
_f
n&3
0
d(s) &
$
0.
The last inequality follows from the calculation
(n&3) d(s) f n&40 f $0& f
n&3
0 d $
=(n&3) f n&40 |
S n&1
&{e1&2 f n&4 ( f $0 f &f $f0)0.
In the last inequality we have used the Hessian Comparison Theorem.
Thus the function
|
r
s
(t) \_f
n&1
0 (t)
h(t) &
12
+$ dt
is negative for s<r, except when f =f0 . From this fact it follows that
b(s)(s) _f
n&1
0 (s)
h(s) &
12
.
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By replacing the function b with the function b+=max[b, 0] and using the
last inequality we find
|
Br ( p)
b2 (s) &{e&2Sn&1 f n&3 (s, |) ds d|
=|
r
0
b2 (s) \|Sn&1 &{e&2Sn&1 f n&3 (s, |) d|+ ds
|
r
0
2f n&10 (s)
h(s)
d(s) ds
(n&1) |
r
0
2 (s) f n&30 d (s)
h(s)
ds
(n&1) |
r
0
2 (s) f n&30 (s) ds.
Therefore
|
Br ( p)
&{.&2 dv|
r
0
($(s))2 f n&10 (s) ds+(n&1) |
r
0
2 (s) f n&30 (s) ds.
Using the definition of . and c and Eq. (6) we find
|
Br ( p)
.2 d_=b2 (r) |
S n&1
e21 (|) f
n&1 (r, |) d|=
2 (r) f n&10 (r) c(r)
h(r)
.
Equation (4) is equivalent to
*1 (Br ( p)) c(r)=d(r).
Using the last equality and the hypothesis on *1 (Br ( p)) we find
d(r)c(r)
(n&1)
f 20 (r)
,
or, equivalently, d (r)c(r). The last inequality implies that h(r)=c(r) and
hence
|
Br ( p)
2 d_=2 (r) f n&10 (r).
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Therefore
Br ( p) &{.&
2
Br ( p) .
2 
r0 ($(s))
2 f n&10 (s) ds+(n&1) 
r
0 
2 (s) f n&30 (s) ds
2 (r) f n&10 (r)
.
In order to use the variational characterization of the first eigenvalue we
need to verify that the mean value of the function . on Br is zero. This
follows from Eq. (5). Hence
&1 (Br ( p))
r0 ($(s))
2 f n&10 (s) ds+(n&1) 
r
0 
2 (s) f n&30 (s) ds
2 (r) f n&10 (r)
.
Using Lemma 3 we can easily check that the expression on the right hand
side of the last inequality is &1 (Br) and this finishes the proof of our
theorem.
In the two and three dimensional case we can prove an stronger
theorem, and that is Theorem 1. Here is the proof:
Proof of Theorem 1. Let the metric on Br ( p) be given by
ds2+h ij(s, %) d% i d%i,
where hij (s, %) d%i d% j is a metric on S n&1. When n=2 the metric has the
form
ds2+ f 2 (s, %) d%2.
When n=3, Bs ( p) for 0<sr is diffeomorphic to S 2 because r<i( p);
hence hij (s, %) d%i d% j is a metric on S2. The Uniformization Theorem
implies that the metric is conformally equivalent to the standard metric on
S2. Hence hij (s, %) d% i d% j= f 2 (s, |) d|2 where d|2 is the standard metric
on S 2. Thus we can assume that the metric on Br ( p) is given by
ds2+ f 2 (s, |) d|2.
In order to apply Theorem 2 we need to verify that inequality (2) holds.
Let e be any eigenfunction on S n&1 associated to the first non-zero eigen-
value n&1. Hence e=(a } x) where x represents Euclidean coordinates
and a # Sn&1. A straightforward calculation shows that
Br ( p) |{e|
2 d_
Br ( p) e
2 d_
=
S n&1 |{e|
2
S n&1 f
n&3 (r, |) d|
S n&1 e
2f n&1 (r, |) d|
.
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Since KK0 the Hessian comparison Theorem implies that f (s, |)f0 (s)
for all 0<sr. Using this when s=r we find
S n&1 |{e|
2
Sn&1 f
n&3 (r, |) d|
Sn&1 e
2f n&1 (r, |) d|

1
f 20 (r)
Sn&1 |{e|
2
S n&1 d|
S n&1 e
2 d|
=
n&1
f 20 (r)
. (7)
The last two sets of inequalities imply
Br ( p) |{e|
2 d_
Br ( p) e
2 d_

n&1
f 20 (r)
.
In order to use the variational characterization of the first eigenvalue we
need to verify that the mean value of the function e on Br is zero. Let
F: S n&1  R be the map defined by F(a)=Br ( p) ea f
n&1. The function F is
continuos and satisfies F(a)=&F(&a). Therefore there exist a0 # S n&1
such that F(a0)=0. Applying the above discussion to the function
e=(a0 , x) we conclude that
*1 (Br ( p))*1 (Br).
Therefore the inequality (2) in the hypothesis of Theorem 2 holds. To
prove the statement about the equality case observe that if equality holds
then all inequalities becomes equalities. In particular, from inequality (7)
we get f (r, |)= f0 (r) for all | # Sn&1 and from the proof of the Hessian
Comparison Theorem it follows that f (s, |)= f0 (s) for all s and |. There-
fore Br ( p) is isometric to Br and hence the proof of Theorem 1 is com-
pleted.
Remark. A different argument in the two dimensional case is as follows.
Since Br ( p) is simply connected, Weinstock’s Theorem in [W] asserts that
&1 (Br ( p))
2?
L
,
where L represents the perimeter of the curve Br ( p). Thus L=
2?0 f (r, %) d%. Since the Gaussian curvature on Br ( p), K, satisfies that
KK0 where K0 is the Gaussian curvature on Br , the Hessian Comparison
Theorem implies that, for 0<sr, % # S1, f (s, %) f0 (s). Using this when
s=r we have
&1 (Br ( p))
1
f0 (r)
=&1 (Br).
The last equality follows from Proposition 4.
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If equality holds in the eigenvalue estimate then f (r, %)= f0 (r). From the
proof of the Hessian Comparison Theorem we get that f (s, %)= f0 (s) for
all 0<sr and hence Br ( p) is isometric to Br .
Remark. A particular case of metrics satisfying the inequality (3) are
rotationally symmetric metrics for which f f0 . The latter condition
follows from the estimate on the radial sectional curvature KK0 .
An Example. Here we construct an example of a manifold with a
geodesic ball of radius r, Br ( p), with r bigger than the injectivity radius at
p, for which the conclusion of Theorem 1 does not hold.
Consider the torus T 2 with the flat metric. For this discussion assume
that T 2 is the square in R2 with vertices (1, 1), (1, &1) (&1, &1) (&1, 1).
Identify the upper side with the lower side and also the lateral sides with
each other. Consider the geodesic ball of radius r, Br (0), where 1<r<- 2
and center at the origin. Then the boundary of Br (0) has four connected
components 7i , for i=1, ..., 4.
Let .1 be an eigenfunction associated to the first non-zero eigenvalue.
Define the function v= 12 |{.1|
2. Proceed as in the proof of Theorem 1 in
[E1] to get the estimate &1minx # M kg (x), where kg (x) represents the
geodesic curvature of M at the point x. In this case kg (x)= 1r on each 7i .
Even that the boundary is not smooth (smoothness of the boundary is an
assumption in all theorems in paper [E1]) the proof goes through word by
word up to that inequality. We show that equality can not hold. Suppose
that equality holds. Then all inequalities in the proof of Theorem 1 in
[E1] become equalities. In particular we have that Hess .1=0. Hence
.1=ax+by+c where a, b, and c are real constants. Since Br .1 d_=0,
using the symmetries of the boundary of the ball we find c=0. Since the
function . # H1 (Br (0)), the value of the function .1 in the portion of the
upper side inside the ball and the lower side inside the ball have to coincide
at equivalent points. That forces b=0. Similarly since the value of the func-
tion .1 in the lateral sides inside Br (0) has to coincide, then a=0. Thus we
find that the only possibility is when a=b=c=0 which is a contradiction.
Hence &1> 1r .
Finally we want to point out that the argument above, applied to a
geodesic ball of radius r in the cylinder C=[(x, y, z) # R3 | x2+ y2=1],
shows that the first eigenvalue is exactly 1r . When r>?, the first eigenfunc-
tion is the distance function to the closed geodesic passing through the cen-
ter of the ball. Thus the first non-zero Steklov eigenvalue of a geodesic ball
of radius r, with r>? in C is the same as the first non-zero Steklov eigen-
value for the Euclidean ball of radius r. However, the two balls are not
isometric.
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